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Epitaxial frustration in deposited packings of rigid disks and spheres
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We use numerical simulation to investigate and analyze the way that rigid disks and spheres arrange
themselves when compressed next to incommensurate substrates. For disks, a movable set is pressed into a
jammed state against an ordered fixed line of larger disks, where the diameter ratio of movable to fixed disks
is 0.8. The corresponding diameter ratio for the sphere simulations is 0.7, where the fixed substrate has the
structure of a001) plane of a face-centered cubic array. Results obtained for both disks and spheres exhibit
various forms of density-reducing packing frustration next to the incommensurate substrate, including some
cases displaying disorder that extends far from the substrate. The disk system calculations strongly suggest that
the most efficienthighest-density packings involve configurations that are periodic in the lateral direction
parallel to the substrate, with substantial geometric disruption occurring only near the substrate. Some evidence
has also emerged suggesting that for the sphere systems a corresponding structure doubly periodic in the lateral
directions would yield the highest packing density; however, all of the sphere simulations completed thus far
produced some residual “bulk” disorder not obviously resulting from substrate mismatch. In view of the fact
that the cases studied here represent only a small subset of all that eventually deserve attention, we end with
discussion of the directions in which first extensions of the present simulations might profitably be pursued.
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[. INTRODUCTION relax that restriction. The simulation procedure again in-
, . ) volves continuous compression of the depositing material,
_ ?dlverse gr]]roulp of plhys[cal_ pro_cessles,dboth in ”a“]{re andhitially in a random fluid state, toward the substrate until
include accretion of Iow—molecular—Wei ht materials on in- SFesent study is represented as a fixed crystal layer contain-
; 9 . . ing no defects(screw dislocations, missing particles, &tc.
tgrstellar grains at_ low tempera;u[rb], and on high-altitude However, the size mismatch between this layer and the par-
airborne particles in the terrestrial atmosphgk The latter . '

category covers the now indispensable industrial practice%::leS forcgd into contact with it creates stacking dlgorder n
the deposited layer, the types and amounts of which are a

that produce miniaturized integrated circuitry for computer : ==
technology{3]. But whether driven by pure scientific curios- 10CUS Of the present investigation.
ity or by economic and societal needs, understanding the Of course representing real atomic, ionic, or molecular
subtleties of deposition phenomena in surface physics gendfitéractions as those operating between rigid disks or spheres
ally remains a challenging subject. The present paper is inS @ drastic simplification. Nevertheless, it is a simplification
tended to contribute in at least a modest way to deepeningith a long and worthy history. With respect to jammed ar-
that understanding. rangements of disks and spheres, one can cite a broad array
The specific objective behind our study is clarification of of published papers that involve experimeri&t7], simula-
geometric frustration effects in deposition processes that cational [4,8—13, and analytica[13-17 techniques. In many
arise from size discrepancy between particles of the solidf the past studies, care has been exercised to eliminate
substrate, assumed here to be crystalline, and particles of th@undary effects; by contrast here we specifically focus on a
deposited layer. In order to attain at least a simplified view ofspecial class of those effects.
such frustration effects, we have chosen to examine the ide- The following Sec. Il presents details of our numerical
alized rigid disk(two dimensiongl and rigid spherethree  simulation procedure. These details include choices about
dimensional models for the operative interparticle interac- system sizes, particle size ratios and epitaxial surface geom-
tions. The present investigation is an extension of our previetries, compression rates, and jamming criteria. Section ||
ous publication that investigated the statistical geometry ofglects numerical results for the two-dimensional disk cal-

disk and sphere packings, but where the substrate particlg,|ations emerging from that procedure. Section IV does the
sizes were identical to those of the added lagrNow we g5 for the three-dimensional sphere cases. The final Sec.

V includes several conclusions based on the results; it also

offers discussion and speculation about several features of
*Electronic address: bdl@bell-labs.com this class of epitaxial packing phenomena that, in our opin-
"Electronic address: fhs@princeton.edu ion, deserve future research attention.
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0........0%.........O............0.0..O...O.‘.. riOdiC bOUndarieS remains equal to 40 Iength U(lltB, 50
smaller-disk diameteysduring the subsequent numerical
simulation. If in fact the fixed bottom layer also comprised
50 smaller disks, vertical compression could in principle pro-
duce a perfect triangular array consisting of a total of 42
horizontal rows, on account of the choices of movable disk
number and lateral boundary separation. Among all possible
arrangements of nonoverlapping disks, the perfect triangular
array (infinitely extendegl attains the largest possible cover-
ing fraction:

EnalD =2) = 7/(21/3) =0.906 899682.... (1)

In order to prepare an initial configuration such as that
shown in Fig. 1, we followed a procedure closely related to
that employed in our earlier study]. This preparation stage
first involves growing 2000 disks at a fixed rate from ran-
domly placed points, while allowing for elastic collisions to
avoid overlap of pairs of expanding disks. Disk growth is
terminated when the target diameter 0.8 is attained. A de-
tailed description of this growth process is available in Ref.
[11]. In the present case, the growing disks are confined to a
fixed-size rectangleL,XL,, subject to periodic boundary
conditions in both directions, with,=40, andL, initially
FIG. 1. Initial state of a disk simulation, case D, comprising 40 selected so that the 200.0 fully gr_own disks within the initial
large disks as a fixed incommensurate bottom array, 50 smalle"’l!rea LXL,V have. a coverln.g fre.lc.tl.on equil ;@/3)5’“5‘*([)
disks fixed at the top, and 2000 movable disks of the smaller size-2)- This requires choosing,(initial)=(2y3)°=41.5692...
The diameter ratio is 0.8. Periodic boundary conditions apply in thedt this preparation stage.

lateral direction parallel to the fixed layers. Having generated this moderate-density configuration for
the 2000 movable disks, it is then necessary to bound them at
Il. SIMULATION PROCEDURE bottom and top, respectively, with the structurally fixed lay-

ers of 40 unit-sized substrate disks, and 50 smaller-gidied

For both the two- and three-dimensional applications, theameter 0.8 disks. This is done simply by placing those lay-
system geometry to be used must present the incommensers directly below(by 0.9 unit3 and directly aboveby 0.8
rate substrate to the movable adsorbing particles, and musenhits) the lower and upper boundaries of the preceding rect-
provide a means for tightly compressing the collection ofangular cell, thus just avoiding any overlaps. Subsequent to
those movable particles against that substrate. In order tihis addition,L, is measured from the centers of those lower
satisfy these requirements, a rectang(ano dimensionsor  and upper disk layers, consequently increasing this dimen-
rectangular solidthree dimensionscell is utilized, one face sion by 1.7 units. The resulting distance between the centers
of which is the structurally fixed incommensurate substrateof the lower and upper sets of bounding disks at the begin-
The opposite face also consists of a structurally fixed array ofing of the compression phase, as illustrated in Fig. 1, is thus
disks or spheres that are in cqntapt with one another, but it is L (t=0)=43.2692 ... )
composed of particles equal in size to those of the movable Y
set; this choice avoids further incommensurability and The 2000 movable diskéow with fixed diametensbe-
roughly simulates the effect of an infinite system depth in theween the structurally rigid layers inherited velocities from
direction normal to the substrate surface. The distance behe initial setup stage, which were then normalized so as to
tween these two faces is variable, and thus permits implehave mean speed equal to unity. Subsequently, particle mo-
mentation of the required compaction process. The remairtions caused elastic collisions between pairs of movable
ing two faces(for disk9 or four faces(for spheregretain  disks, and between movable disks and the top and bottom
fixed separation, and are treated as periodic boundarayers. Simultaneously, compression toward a jamming limit
conditions. was effected by moving the upper and lower layers sym-

For purposes of illustration, Fig. 1 provides a view of themetrically toward one another so that the vertical system
initial stage of a disk compression. This example involves alimension declines at the following constant rate:
linear arrangement of 40 fixed contacting disks acting as the dL./dt=-0.001 3)
incommensurate bottom boundary. The diameter of these y ' '
fixed disks serves as the unit length for the calculations. Thén the basis of prior experien¢d], this rate is sufficiently
remaining disks have diameters equal only to 0.8 times thismall that any final-stage disorder is expected to result pri-
unit length. These 2050 smaller disks include 50 that formmarily from incommensurability at the substrate, not from
the rigid top layer, and 2000 that are individually free torandom jamming processes arising in the interior of the disk
move. The lateral distandg, between the left and right pe- system. As a purely mathematical observation, in terms of
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the timelike progress variablé=0, compression would Following this growth stage, the lower and upper bound-
cause the collision rate to increase, and formally to divergéng crystal surfaces were put in place at bottom and top of
as the jammed state is approacli¢d 1]. However, practical the initial rectangular-solid cell, thus increasing the vertical
numerical considerations requi(a) scaling particle veloci- dimension by 1.55 units.

ties downward at late stages of the compression, @d Immediately after this sphere-system preparation process,
terminating any run after a finite, but large number of colli- the velocities of the movable particles were renormalized to
sions, chosen so that in fact the particle system is geometrhave mean magnitude unity. The subsequent compression

cally very close to its ideally jammed state. Our simulationsphase of the simulation involved the following rate of height
consisted of series of dynamical “sessions,” each containingeduction:

a number of collisions equal to an average per particle of

10% if 10 successive sessions produced reductions in the dL/dt=-0.001. (5
covering fraction by less than 1%, the compression to jam- A in the case of disks, this compression was presumed to be
ming was numerically regarded as complete. slow enough to permit kinetic processes prior to jamming to

Five distinct examples of the disk-system type just de-gpneal out most disorder arising from bulk-system packing
scribed have been processed. They differed only in the ranegylarities. Substantially the same kind of termination cri-
dom number seeds used to initiate the runs. In addition t@erion as used for the disk simulations was invoked to decide
these, five more disk cases were examined in which only,ymerically when the sphere compression stage was “com-
1990 small movable diskliameter 0.8 rather than 2000, pete ”
were present. The motivation for reducing the movable set one of the fundamental properties to be determined for
by 10 was that the lower bounding substrate presented 195ch simulated jamming case is the final covering fraction.
fewer “pockets” than those of the upper bounding layer, andsch results need to be interpreted in relation to the maxi-
it was of interest to see what effects, if any, this modificationmym valuesz, .(D=2) in Eq. (1) and&,,(D=3) in Eq. (4),
would produce in the final jammed structures. In order t0yhich refer to optimal packings of infinite extent. By con-
have the same initial covering fraction with this reducedy gt the present study involves finite systems and empha-
number of movable disks, the initial cell dimensibpwas  gjzes the effects exerted by boundaries in those finite sys-
correspondingly slightly reduced. _ . tems. Several different conventions are possible when

The initial conditions employed for the three-dlmenS|onaIdeﬁning the covering fraction for a finite disk or sphere
sphere simulations were analogous to those for the disk ®&ample with boundaries of the type specified above. The
amples. The structurally rigid substrate surface, composed G o5t straightforward convention would report the value of:
unit-diameter spheres, consisted of(®1) face of a face- _
centered cubic close-packed array. This amounts to a set of £ = ApalLiLy() (D=2, disks, ®)
mutually contacting spheres in a simple square planar ar- Viota/LxLyLAt) (D =3, spheres
rangement. The movable spheres, as well as those compris- ] ) ) )
ing the upper bounding layer that is also a simple squarfor the covering fraction at compression tinte=0. Here,
planar array, possessed a smaller diameter equal to 0.7 lengfptal @Nd Vioia respectively denote the total disk area and
units. The lowersubstrat square array contained 441 unit ©otal sphere volume, occupied by all particles or portions
spheres in a 2% 21 pattern. The upper layer square arraythereof,_lylng thh_m the rectangular or rectangular-solid sys-
contained 900 smaller spheres in ax380 pattern. tem region. This _mcludes the entire area or volume_covered

Two choices were made for the total numbers of mobilel?y movable particles, but only semicircles or hemispheres
smaller spheres, similarly to the disk cases, but necessarifp! those particles comprising the structurally fixed lower
much larger in magnitude. The specific values selected werguPstrate and upper boundary layers. However, for some pur-
18 000 and 17 541. The former choice in principle couldPOS€s itis des_lrable to ellmlngte th_e lower and upper bound-
form a perfect close-packed crystal between the boundin§'d layer particles from consideration, thus focusing atten-
layers upon compression, if the lower substrate layer werdOn entirely on the movable set. A rational way to do so
also composed of 900 small spheres. The latter choice in¥ould be to replac@\ga and Vigta With Amobile aNd Vinoviter
volves 459(=900-44) fewer small spheres, reflecting the and to diminish the cell area or volume_by an.amou_nt attrib-
smaller number of square “pockets” in the substrate |ayer1_1table to the boundary layer “half particles” in their close-

On account of these much larger particle numbers compardgfcked configurations. Consequently, this alternative choice
to the disk cases, it was practical to simulate only singlefor the covering fraction definition would have the form

g)gtanrples of e;ach otf these twothkinds 01_‘ sghere Eysterfns. The %(t) ~ {Amobnd[l-xl-y(t) -AA]  (D=2,disks,

initial preparation stage grew the required number of mov- =

able spph(E,)res from rgndgmly genergted points to the final Vinobiid[LxLyLot) =AV] (D =3, spheres

common diameter 0.7, in a rectangular-solid region with ver- (7)

tical lengthL, chosen so that the resulting nonoverlappingyere Ap and AV are the areas and volumes attributable to

spheres were present at covering fract(dm3)§ma,(D:3)_. the boundary layer half particles in their respective close-

Here, the maximum covering fraction for spheres, attainable,acked arrangements. Numerical values utilizing both defi-

in an infinitely extended face-centered cubic packing, isitions will be quoted below in discussing our results.

equal to In addition to the covering fractions as an overall measure
Ema(D=3) = 77/(3\5) =0.7404804897.... (4) of the jammed packing geometry, several other more detailed
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TABLE I. Disk jammed packing results for epitaxially frustrated QoooooCOEEOooOoEOEOEOOOCOOOOEOOCOO o e
systems. The number of mobile particlesNs their radius is 0.8
times those of the bottom bounding layer, and the final covering
fractions are Eq(6) and Eq.(7). The geometric character of the
epitaxial frustration is briefly identified in the last column.

N Case £ ¢ Category
2000 A 0.903 169 0.903 065 Localized
2000 B 0.903 160 0.903 056  Localized
2000 C 0.902 808 0.902 694 Delocalized
2000 D 0.903 189 0.903085 Localized
2000 E 0.894 369 0.894021 Delocalized
1999 - 0898 742 0898514 Delocalized FIG. 2. Final jammed configuration for the compression run
1990 G 0.898 783 0.898 556 Delocal.lzed whose'init.ial confiJguration appe%rs in Fig. 1. This caspe D involves
1990 H 0.898 790 0.898563  Delocalized 2000 mobile disks. A bar graph just to the right shows the vertical
1990 | 0.898648  0.898417 Delocalized  stratification of disk centers. The farther-right curve indicates values
1990 J 0.898 861 0.898 636 Delocalized of mean numbers of contacts and near contacts for particles in a

vertical sequence of bins. Shading of disks indicates relative colli-
sion rate upon approach to the jamming limit, as explained in the
measures have also been evaluated. These include spatiext.

distributions of particle collision rates in the final stage of the . . .
jamming process, the stratification of the density of particledear that, for this one example at least, the main disruption

centers in the direction normal to the substrate surface, an%f the vertical-direction density distribution is strongly local-

the distribution of numbers of contacts experienced by par'—zed in the first few layers next to the larger-disk bottom

. . : . _layer.
“CIe$ n the final state. More globallfea'gures of the.fmal yThe farther-right curve exhibits the vertical variation of
configurations are best conveyed by pictorial presentations of .

. . ontact and near-contact numbers for the movable particles,
the jammed systems, and representative examples are pré-. ical bin width | to twice the ideal crvstal spac-
sented in the following two sections. using vertica In width equal to twice the ideal cry P

ing, and connecting the results with line segments for ease of
visualization. The magnitude of this graph can be deduced
IIl. NUMERICAL RESULTS: DISKS with the help of a different set of ticks at the graph’s top
. edge, where again the leftmost tick corresponds to 0, i.e., to
Table | reports the final covering fractiogsand ¢ for the  the value “no contact,” and the horizontal spacing between
ten runs of disk simulations. These runs, designated “A’consecutive ticks corresponds to one contact. Thus, the sec-
through “J,” have been classified by the number of mobile ond tick corresponds to one contact, the third to two con-
disks. The last column in Table | provides a rough descriptacts, and so on. The criterion for contact or near contact
tive category for the type of geometric frustration exhibitedinvolved identifying neighbors with their surfaces no further
by the final-state jammed configuration; details of these variseparated from the particle of interest than approximately
ous frustration patterns appear below. 1072 disk diameters. As expected, the values shown tend to
Figure 2 shows the final state after compression for casbe depressed below the maximum possidi) in layers
D whose initial configuration appears in Fig. 1. A pair of with substantial geometric disruption.
simple graphs at the right edge of this picture present addi- The 2000 disks that were mobile during the compression
tional information about the configuration, as a function ofphase of case D have been distinguished in Fig. 2 by shading
the vertical coordinate, i.e., perpendicular to the structurallyaccording to their relative collision rates during the final
fixed bounding layers. The multipeaked curve just to thestages of approach to jamming. The lighter-shaded disks
right of the picture provides a view of the vertical distribu- have experienced higher collision rates than the darker-
tion of mobile particle centers. The individual bins used toshaded disks. The latter category includes a few “rattlers”
accumulate data for this graph have width equal to one-tentttrapped but unjammed disksith very low collision rates.
the expected period for an undistorted crystalline arrangeFor consistency, the mutually-contacting fixed particles com-
ment of the smaller disks, namely, 0.069 28units. The prised in the top and bottom layers are unshaded as though
magnitude of the graph’s peaks can be deduced with the heljpey had infinite collision rates. Examination of Fig. 2 shows
of the ticks at the graph’s top edge. Theoordinate of the that disks near the bottom boundary have exhibited lower
leftmost tick corresponds to 0, i.e., to the value “no particlescollision rates than those at higher elevations. In view of the
in the bin.” The ticks follow with horizontal spacing of 10% fact that geometric frustration is concentrated near that bot-
of 50; note that 50 is the maximum number of particlestom layer, the presence of this collision rate distinction
whose centers can be found at a particular height. Thus, thehould not be surprising. Even excluding the rattlers that are
second tick corresponds to 10%, i.e., to five particles in aoncentrated in the lower layers, the shading distinctions dis-
bin, the third to 20%, i.e., to ten particles, and so on. It isplayed in Fig. 2 for movable disks span a spread of average
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FIG. 4. Final jammed configuration for the 2000-mobile-disk
FIG. 3. Vertically stretched versiofby factor 3 of the bottom  compression run E.
few layers from the jammed disk configuration shown in Fig. 2 for
case D. This view emphasizes the geometric disruption resultingoward exactly the same final jammed structure, but have
from size mismatch. not quite attained it on account of finite computing-time
constraints.
The consistently high densities observed for cases A, B,
nd D, each exhibiting localized near periodicity of disrup-
ion, suggests that the highest attainable denéity the

collision rates of approximately two orders of magnitude.
In order to clarify the detailed character of the frustrating
size mismatch, Fig. 3 shows a vertically expanded view o
the disrupted first few layers, from case D in Fig. 2 just . . d . ST
above the large-disk lower bounding layer. The affine trans9'VeN pa!”'c'e _nur_nt_)er_, partlcle_dlamete_r, ahg ml_ght in-
formation used to create this view has stretched the vertic olve strict periodicity in the horlz_ontal (_3I|rect|on with per_lod
coordinate by a factor of 7. The most important feature em#: Note that the setup of our simulations adapts easily to
phasized in this manner is that the epitaxial disruption tend§nforcement of such horizontal periodicity. We simply re-
to produce a horizontal periodicity of four distance units, induce the configuration sizes tenfold: The number of movable
which members of the lowest small-disk layer alternate beParticles becomes 200, the horizontal dimension becomes
tween fitting well down into the large-disk pockets, and be__equal to the horizontal pe_rlpd 4, and the numbers of part!cles
ing forced upward in varying degrees toward sitting atop!" the bottom and top rigid layers become four and five,
large disks. This near-periodicitfength 4 is equivalent to '€SPectively. This strategy is equivalent to constraining a
five small-disk diametejshas the size ratio as its obvious 2000-particle simulation to a periodic subspace of its full
source. Figure 3 makes it clear that the average amplitude &enfiguration space, with a consequent substantial computa-
vertical displacement for this periodic pattern is relativelytional simplification and speedup. _
large for this first small-disk layer, but decreases rapidly with N 9eneral, a reduction in the configuration space would
succeeding layers progressing upward. This feature is considécrease or leave unchanged the maximum attainable den-
tent with the collision rate differences noted above. Layer$ity- However, the evidence presented by cases A-E indicates
subject to a spatially oscillatory vertical deformation have athat for the unconstrained 2000-particle system a large num-
larger contour length than those that are not deforiaexd ber of suboptimal jammed configurations exists, _makmg it
are thus horizontally straightAs a result, their disks lie unsure that random search would automatically discover an

farther apart on average, so collisions with lateral neighbor@Ptimal perfectly periodic structure. In fact, we have run a
in these deformed layers would be less frequent than in W reduced-size 200-particle simulations as described, and
perfectly aligned layer. the final configurations were a]ways the same, with patterns
Table | shows that the case D configuration illustrated in/USt @s suspected from examination of cases A, B, and D.
Figs. 2 and 3 nominally possesses the largest covering fra@€Sides being strictly periodic with a four-unit period, this
tion of all five cases considered with 2000 mobile disks. TwoSUSPected optimum packing apparently also possesses a mir-
other cases, A and B, have slightly smaller, but similarlyF symmetry with respect to vert!cal axes. Tr]ese vertical
large covering fractions. Not surprisingly, examination of Mirfor-symmetry axes have a spacing of two ufiis., one-
their final configurations shows that they also contain ver)}qaIf perloq in the hP”ZO”t?‘(%()_ direction. The vglues for.the
nearly the same pattern of epitaxial frustration, mostly localfWO covering fraction definitions, for these ideal period-4
ized to the bottom few layers, in a horizontally nearly peri-jammed configurations, were found to b&N=200
odic fashion. The last column of Table | acknowledges this=0.903 250 andé(N=200=0.903 148. These magnitudes
localization property for these three cases. The binned distrilightly exceed the Table | entries for A, B, and D as initially
butions of vertical-direction densities, and of contact andsuspected.
near-contact numbers, and the shading patterns for collision The remaining two 2000-mobile-disk jammed configura-
rates, are visually very similar to those shown in Fig. 2, andions listed in Table I(cases C and Ehave significantly
so need not be separately presented pictorially. In fact, it isower covering fractions. Figure 4 presents the final configu-
reasonable to suppose that A, B, and D are all convergingation obtained for the latter member of this pair. This view
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FIG. 7. Vertically stretched view of the bottom layers in the
FIG. 5. Vertically stretched version of the bottom few layers jammed configuration for case J, shown in the previous Fig. 6.
from the jammed disk configuration shown in Fig. 4 for case E.

final configuration for case J. Figure 7 shows the vertically

exhibits two linear mismatch seams in an inverted “V” ar- stretched version for its bottom few layers. The collision-rate
rangement, showing poor alignment with neighboring diag-shading pattern and the plots for vertical density, as well as
onal lines of particlegand thus showing gapsextending contact and near-contact numbers, in the first of these two
more than halfway from bottom to top. The vertex of this figures make it very evident that geometric frustration per-
“V” displays two relatively large pentagonal holes. The samevades virtually the entire vertical dimension of the jammed
collision rate shading rule has been used in Fig. 4 as in théinal state. However, the specific disruption patterns exhib-
prior Fig. 2. The vertical density distribution, and the contactited by these cases F to J are diverse, generally not closely
and near-contact distribution, have again been provided aksembling one another. This observation suggests that the
the right margin. In this case the former shows peak splittingi990-disk system has a significantly larger number of dis-
due to the presence of the inverted “V,” and the latter a morginct accessible jammed states than does the 2000-disk sys-
complex pattern than before. Figure 5 shows the bottom fewem, the majority of which incorporate delocalized disrup-
layers for this configuration E, with factor-7 vertical stretch-tion. To illustrate this diversity, Figs. 8 and 9 present the final
ing to emphasize the geometric frustration details. The tw@onfiguration and its stretched lower portion for case H to be
cases C and E have been designated as “delocalized” in th®mpared with J, Figs. 6 and 7. Evidently, removal of ten
last column of Table I, owing to the fact that for both, dis- mobile disks from the initially examined 2000 can produce
ruption of the perfect triangular packing of disks has pen-profound changes in the final geometric patterns.
etrated far above the bottom layer. This longer-range disrup- In contrast to the 2000-disk cases, none of the final con-
tion explains the lower densities obtained for this pair offigurations for the 1990-disk cases F to J looks even close to
cases. periodic in the horizontal direction. However, this does not

Table 1, last column, indicates that each of the five casepreclude a search for horizontal period-4 solutions. All of the
F-J with 1990 disks is “delocalized.” All of these have rela-conditions for such a restricted configuration space search
tively low covering fractionst and . Figure 6 presents the would be applied as before, except that 199 mobile disks

00000 ee0Rreeessecasedd PRESCHIIROOE
J 000000000000000000600000 000006000000

FIG. 6. Final jammed configuration for case J, exhibiting geo- FIG. 8. Final jammed configuration for case H, exhibiting geo-
metric frustration intruding across the entire vertical dimension ofmetric frustration over at least the bottom half of this 1990-mobile-
this 1990-mobile-disk system. disk system.
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monovacancy formation. The subsequent layers proceeding
vertically contain five disks, but in a wavy pattern to contact
I the four below. In a fashion similar to that of the 200-particle
T periodic case, the amplitude of waviness diminishes with al-
‘““‘““‘“““““““f T RARARARARRAAR titude, and is virtually gone by the fifth layer. And as in the
RARRRRARRARE AR AR AR H ’u REREEE R

200-particle periodic case, the suspected optimum packing
for 199 particles apparently also possesses mirror symmetry

v"

O O O B T T | | AU ; !
AR AR AR T RAR A xrv\mmvmr W|threspect_toyerncalaxgsseparatedfrqmoneanotherby
I one half periodi.e., two units in thex direction).
A ‘,x,‘,‘ l,‘,‘y‘Ny“"l """‘ """". I l l I | #‘lvl!‘YlYl“l“""A“" Based on this last finding, we speculate that the densest
Iyl

packing in the case of 1990 mobile particles is periodic in the
X horizontal direction with period 4, and indeed is the structure

5‘ "”‘Y‘”v ‘”&‘ ‘"M‘N“l l kl l *‘N“‘N”V’ illustrated in Fig. 10. It should be noted in passing that this
' ' ‘ N structure was obtained only after 15 unsuccessful attempts to
create a suitably high-density result. Each of the 15 preced-

ing unsuccessful attempts produced a configuration identifi-

able as a monovacancy-containing modification of a 200-

FIG. 9. Vertically stretched view of the bottom layers in the particle structure, as described above. This is consistent with

jammed configuration for case H, shown in the previous Fig. 8. the earlier remark that apparently a substantially greater di-
versity of jammed structures exist, most of relatively low

would be involved instead of 200. One possible outcome iglensity, in the 1990-particle system in comparison to the

that the final configuration would be the same as for 20000-particle system.

mobile disks, but with a single monovacangyissing disk

Iocateq somewhere_ within .the structure, and with a corre- IV. NUMERICAL RESULTS, SPHERES

sponding reduction in density.

Perhaps surprisingly, a modest search of the type just The behavior of rigid disks in epitaxial jamming circum-
described in fact discovered a period-4 packing applicablstances, described in the preceding Sec. lll, is already com-
to any multiple of 199 disks, in particular to 1990. Its densityplex and challenging. The analogous situation for spheres
is clearly higher than those of cases F-J reported ircan be expected to be even more so. In part this arises from
Table 1, specifically&(N=199=0.900 088, andi(N=199 the fact that, even disregarding boundary effects, spheres
=0.899 897, and it is also higher than that of the configuralP0SSess a larger relative number and greater geometric diver-
tions of 200 disks with a monovacancy. However, the found®!ly Of packing typeq11,18,19. But it also stems from the
199-particle density is noticeably lower than the correspondgreater number of periodic substrate structures_that could_ be
ing 200-particle highest density mentioned above. Figure 1§reSented to the movable sphere set. The choices described
displays the configuration, periodically replicated tenfold to!" S€C- Il above to limit the sphere simulations to square

produce a 1990-particle example. In contrast to the previou@'@ys for bottom and top rigid layers, and to use slow com-
200-disk periodic structure, the bottom layer of movable parPression, were motivated by the need to keep the analysis as

ticles consists in each period of only four individuals rathertightly focused as possible. ,
than five, each buried in a pocket provided by the fixed larger '€ final dgnsmes for the two sphere cases considered are
disks. This accounts for the missing particle, rather than byne following:

- &N=18000=0.679 751, N = 18 000 = 0.676 383,

&N=17541=0.680 724, §N =17 541 = 0.677 318.
(8)

In spite of the use of slow compression, the final jammed
configurations for both of these cases exhibit substantial dis-
order pervading nearly the entire interval between bottom
and top rigid layers. Figures 11 and 12 present typical planar
y, z slices for the two cases. These figures include collision-
rate shading as in the prior disk cases. They also present
z-direction density histograms, and binned contact and near-
contact numbers for all movable spheres, at the right edges.
The two sets of ticks at the top edges of these two graphs
FIG. 10. Densest final configuration for the case of 1990 mov-allow one to deduce the magnitude of the values in the
able disks. This pattern has a horizontal period of four length unitsgraphs. The arrangement of the ticks is analogous to that in
and was created by applying a restricted configurational search dsig. 2 and it was described in Sec. Ill above. In particular,
described in the text. the spacing between consecutive ticks for thdirection
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FIG. 11.y, z planar slice(at x=0.753 0Q,) through the final
jammed configuration for the 18 000-movable-sphere case. The
horizontal dashed lines near bottom and top locate slices used fo
Figs. 13 and 14.
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density histogram is 10% of the maximum number of par-
ticle centers that may occur at a giverunder the planar
square arrangement, i.e., 10% of>»880=900. Thus, the
second tick corresponds to 10%, i.e., to 90 particles in a bin,
the third to 20%, i.e., to 180 particles, and so on.

Figures 13 and 14 illustrate further aspects of the 18 000-
sphere case by showing a pair of horizontal sliges., at
fixed altitudesz). The former involves a slice near the bottom
substrate layer of rigidly fixed incommensurate spheres,
while the latter shows the result for a slice near the top layer
of rigidly fixed small(commensuratespheres. The positions
of these slices are indicated by dashed lines in Fig. 11. These FIG. 13.x, y planar slice through the final jammed configuration
views confirm an attribute suggested by the prior Fig. 11 for the 18 000-movable-particle case. This view represents a portion
that the extent of configurational disorder diminishes somef the sphere arrangement near the bottom substrate layer of unit-
what from bottom to top. This is reasonably clear from Figs.d'?meter fixed spheres, at 1.927 distance units above th.e pllan.e con-
13 and 14 not only by the relative extents of square packin ining t_he centers of those fixed spheres. _The dasheq I|n_e indicates
order, but also by the diagnostic shading of the particle im? e position of they, z plane used for the slice shown in Fig. 11.
ages, which we saw in the disk case correlates with disorder.

Although we do not show them, similar fixexslices for the  terns. This may be due to the significantly larger number of
17 541-movable-sphere case present the same qualitativgovable particles that would have to be involved, as well as
scenario. due to the disruptive influence of spontaneously formed dis-

In view of the observations in the preceding Sec. Ill thatordered structures within the bulk of the compressed layer.
disk simulations tend to generate periodic or near-periodid-ailure to observe horizontal double periodicity in our lim-
patterns in contact with the incommensurate bottom layer, itted search for the 18 000- and 17 541-sphere systems thus
is natural to look for a similar behavior with spheres. Givenshould not be interpreted as evidence against the existence of
the radius ratio 0.7, and the squa@1) geometry of the such a possibility, but merely that it is improbable.
fixed bottom layer, the sphere analog would be a horizontally Motivated by analogous success in finding high-density
doubly periodic pattern with size ¥7 units (i.e., 10 periodic patterns for the disk systems, we have performed
X 10 diameters of the smaller movable sphgrétowever, several additional sphere runs where the system geometry
examination of the generated configurations by means otvas periodically restricted in each of theandy directions
graphical presentations such as those in Figs. 13 and 14 rby a factor of 3. Thus, for a relevant doubly periodic subset
veals no obvious tendency toward such doubly periodic patof the 18 000-sphere system we considered configurations of

only 2000 mobile spheres, while for the 17 541-sphere sys-
ARRRRRERARRRRRRY tem we examined configurations of 1949 mobile spheres. In
both of these searchég=L, was restricted to seven units, so
that the rigid top layer involved 1010=100 small spheres,
and the rigid bottom layer consisted ofxX7=49 large
spheres. As was the case for disks, the highest densities ob-
Stelelelels : @ g tained in these restricted circumstances exceeded the corre-
,,,,, 0 sponding values for the unrestricted systems. This provides

ow at least weak circumstantial evidence that the highest pos-

sible densities require double periodicity. However, we has-
ten to point out that no easily described regular patterns

FIG. 12.y, z planar slice(at x=0.326 0Q,) through the final emerged. On the contrary, we observed that the final configu-
jammed configuration for the 17 541-movable-particle case. rations for these smaller systems contained many structural
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displayed a diversity of patterns differing in the amount and
location of packing disorder. Nevertheless, results indicated
that the most “efficient” arrangements of diskse., those
exhibiting the highest final densjtyossessed a pattern peri-
odic in the direction parallel to the substrate, with most of
the geometric disturbance of the natural triangular lattice
packing of disks localized close to the incommensurate
substrate.

The sphere systems investigated, containing 18 000 and
17 541 movable particles, appeared to settle into more disor-
dered jammed arrangements in comparison with the disk sys-
tems. In part this could be attributed to the known bulk prop-
erties of the disks and spheres, namely, that far more
geometrically stable amorphous packings exist for the latter
than for the former[11,18,19. A search for high-density
doubly periodic sphere packings experienced limited suc-
cess; while relatively high densities in fact appeared, the
packings displayed considerable disorder beyond what
would be expected in the immediate vicinity of the incom-
mensurate substrate layer. Consequently, it remains an attrac-
tive prospect for a future investigation to attempt to identify
ideal doubly periodic packings with minimum disorder and
maximum attainable density. Success in such an attempt may
require use of special initial conditions that strongly diminish
the occurrence of sphere packing disorder away from the
substrate layer.

The substrate geometries employed in the present study
FIG. 14.x, y planar slice through the final jammed configuration constitute a very small subset of all possibilities that might
for the 18 000-movable-particle case. This view represents a portioge considered. These possibilities include substrates that are

of the sphere arrangement near the rigid top layer of spheres thgfystalline alloy structures with two or more distinct particle
have the same diameter 0.7 as the movable spheres. The slice 765 stepped substrate surfaces, and substrates containing
sides 0.772 distance units below the plane containing the centers gt i s noint and extended defects. Even amorphous sub-
Spheresﬁ comprising that rigid top layer. The daShed."ne. 'nd'categtrates presenting a substantially planar surface to the mov-
the position of they, z plane used for the slice shown in Fig. 11. . . .
able particles deserve attention. All of these extensions
present varying degrees of reduced order to the movable par-
irregularities, and to that extent were not directly analogougjcles, and it will be illuminating to determine the character-
to the disk cases. Finding structurally “perfect” doubly peri-jstic types and the extent of extra packing disorder in the
odic patterns by this approach, if they exist, presumablyeposited layers that they indeividually produce.
would require a substantially larger number .of search at- \ith respect to the more modest goal of extending the
tempts, and would exceed the scope and available resourcggesent work to a wider range of radius ratios, several points
of the present investigation. deserve at least brief discussion. In principle, the full range
of size ratios from very small to very large could be exam-
ined for disks, going well beyond the single ratio 0.8 consid-

Computer simulation has been applied to the study of seered in this paper. Of course, imposition of periodic bound-
lected aspects of epitaxial frustration phenomena for systenesy conditions in the direction parallel to the fixed substrate
of hard disks and hard spheres forced into jamming contactffectively constrains those ratios to be simple rational num-
with rigid ordered layers that are composed of larger diskders. Epitaxial frustration will inevitably arise, except when
and spheres, respectively. In order to keep this inquiry withirthe movable disks have diameters equal to an integer mul-
reasonable limits, single rational size ratios were selectetlple (1,2,3,..) of those comprising the fixed substrate. When
(0.8 for disks, 0.7 for sphergsFurthermore, only structur- these integer multiples are present, larger movable disks can
ally perfect arrays served as substrates: a linear array fdorm a perfect contacting row by settling respectively into
disks, and a001) layer from a face-centered cubic close- every first, second, third, etc. pocket presented by the sub-
packed array for spheres. Jamming was produced by slowtrate, and this can serve as the bottom row of a perfect
vertical compression onto the incommensurate substrate, dyiangular crystal arrangement for the remainder of the mov-
means of constant slow-speed approach of the incommensable disks.
rate lower and commensurate upper boundary layers. Peri- The range of available size ratios for the three-
odic boundary conditions applied in directions parallel to thedimensional case of spheres is a bit more restricted. The
boundary layers. movable spheres cannot be so small that they could slip be-

Two sizes of disk system@000 and 1990 movable par- tween the fixed spheres that form the substrate layer. In the
ticles) were simulated. Both produced final structures thatcase of a001) face-centered cubic structure as used in the
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simulations reported above, this requires that the movableus definitions of “jamming(16,17,19,200 Considering the
spheres be no smaller thg—1=0.414 21... times the sub- method used in our simulations, the natural presumption
strate sphere size. For a substrate possessing the closeould be that the final disk or sphere states obtained are at
packed(111) surface structure, the corresponding ratio wouldleast close to the “collectively jammed” state, tha{aside
be substantially smaller but still positive, specificallyyB/  from inclusion of occasional “rattlery’the initially movable
-1/2=0.077 35.... As in the disk case, a discrete set ofarticles have reached a state such that no subset of them can
movable-to-substrate size ratios greater than unity can avoide simultaneously shifted while respecting the nonoverlap
epitaxial frustration by allowing perfect fit of a first added constraints. The more stringent “strictly jammed” category,
layer into a subset of pockets provided by the substratehjowever, may not apply; that would require testing for sys-
while serving as the beginning of a structurally perfect crystem instability by deforming the rectangular system bound-
tal of those larger spheres. aries to parallelogram or parallelepiped shape by application
Finally, it is appropriate to mention that careful theoretical of shear parallel to the substrate. As is the case for the other
examination of packing geometry for bulk disk and spheredirections of extended investigation, this aspect of the gen-
systems has revealed the importance of distinguishing varieral problem will have to be reserved for the future.
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